Abstract. We study Riemannian or pseudo-Riemannian manifolds which carry the space of closed conformal vector fields of at least 2-dimension. Subject to the condition that at each point the set of closed conformal vector fields spans a non-degenerate subspace of the tangent space at the point, we prove a global and a local classification theorems for such manifolds.
Introduction
Conformal mappings and conformal vector fields are important in general relativity, as is well known since the early 1920's [6, 18] . In 1925, Brinkmann studied conformal mappings between Riemannian or pseudo-Riemannian Einstein spaces [1] . Later conformal vector fields, or infinitesimal conformal mappings on Einstein spaces were reduced to the case of gradient vector fields, leading to a very fruitful theory of conformal gradient vector fields in general. Brinkmann's work has attracted renewed interest, especially in the context of general relativity [2, 3, 4, 5, 9, 13, 16] , and the following local theorems have been shown: Proposition 1.1. [7] Kerbrat shows the following global theorems: [7] ) If the metric g is indefinite and
) is isometric to a space form or to a covering of a space form.
The case in which ϕ is positive semi-definite and degenerate was not treated by Kerbrat (See [9] , p.825).
In this paper, we study pseudo-Riemannian manifolds which carry the space of closed conformal vector fields of at least 2-dimension. In Section 3 we improve the global theorems of Kerbrat (Proposition 1.4 and Proposition 1.5) and the local theorem of Kerckhove (Proposition 1.3) under the condition that each subspace ∆(p) is nondegenerate, which is a necessary condition for (M n , g) to admit a warped product structure in the sense of Kerbrat or of Kerckhove (Theorem 3.1 and Theorem 3.2). Furthermore, we give a necessary and sufficient condition on the fiber space F for any closed conformal vector fields on the warped product space M n = B m (k)× f F to be lifted from the base space (Theorem 3.4).
Preliminaries and closed conformal vector fields on space forms
We consider an n-dimensional connected pseudo-Riemannian manifold (M 
Therefore, ∆f = divV = nφ. From equation (2.1) we immediately obtain the following Ricci identity for the Riemannian curvature tensor:
and by contraction we get
We denote by CC(M n , g) the vector space of closed conformal vector fields. First of all, we state some useful lemmas for later use. (
where nφ is the divergence of V.
Proof. See Proposition 2.3 in [15] and Proposition 4 in [7] .
In [15] 
shows that there exists a constant k ∈ R which satisfies
) in a way that they are linearly independent. Let U be the set of all points p at which V 1 (p), · · · , V n−1 (p) are linearly independent. Then (2.1) and
is trivial, and hence (2.6) holds for V = V n due to nondegeneracy of the metric. This completes the proof.
In [10] , using the work of Kühnel, W.( [12] ), the authors characterize the Riemannian space forms in terms of the dimension of the space of conformal gradient vector fields.
The model spaces B n (k) of constant sectional curvature k = a 2 with = ±1, a > 0 and index ν are the hyperquadrics in pseudo-Euclidean space : 
For the space of conformal vector fields of pseudo-Riemannian space forms, the authors et al. gave a complete description about it( [11] ). Now we introduce a function space A k (M n , g)(k = 0) and a symmetric bilinear form Φ k on the space as follows:
In [7] , Kerbrat defined a function space
and a symmetric bilinear map ϕ on the space by
By the scale change g → −kg, we see that
For the non-flat space form B
This implies that the symmetric bilinear form Φ k is just the usual scalar product on the ambient pseudo-Euclidean space.
Closed conformal vector fields
In this section we consider the vector space CC(M n , g) of closed conformal vector fields on a pseudo-Riemannian manifold (M n , g) with indefinite metric g. For p ∈ M n , let ∆(p) be the span of the set of closed conformal vector fields at p, that is,
Suppose that CC(M n , g) is of dimension m ≥ 2. Then (2.1) and Lemma 2.2 imply that there exists a constant k ∈ R such that for all V in
so that we have 
First of all, we establish a global classification theorem. 
Then one of the following holds:
( 
(0), (2.11) with the condition Φ k (f, f ) = 0 shows that ∇f (m) is not zero. Since the metric g is indefinite, we can always choose a null vector v in T m M such that < v, ∇f (m) > = 0. Let γ be the null geodesic with initial velocity vector v. Then (2.10) implies that
Hence we see that f 
(0). Then ∇f (p) is a nonzero vector (Lemma 2.1) with the property that for all
In the case (2) (ii) In case < T, T >= 0, F carries no nontrivial homothetic gradient vector fields.
In either case, we have
< 0. Hence (1) follows from Proposition 1.5 with the scale change.
(
Hence, as in the proof of Proposition 1.3 [9] , it can be shown that there exists a neighborhood U of p o which is isometric to a warped product space B 
Thus we obtain < H, ∇σ >= −kσ. Since the mean curvature vector field H is given by −∇f /f , we have
). By taking the covariant derivative of (3.3) with respect to any vector field X on B m (k), we find
. It is easy to show that if S is a vector in R m+1 with < S, T >= 0, then the liftingσ S of the height function σ S belongs to A k (M n , g). By counting dimensions, we see that
Suppose that the constant vector T satisfies < T, T >= α = 0 and h belongs to A α (F, g F ). Then we have 
In particular, each subspace ∆(p) is nondegenerate and of dimension m. 
, we obtain from Lemma 3.3
Since ∇f p is closed, (3.5) implies for all V ∈ T F
where ∇ * denotes the Levi-Civita connection on F.
Since g| p×F = σ T (p) 
Hence (3.8) shows that the constant c vanishes. Since g| p×F = σ T (p) 2 g F , it follows from (3.6) and (3.8) that f p belongs to A α (F ), where α =< T, T > . Thus the hypothesis on A α (F ) shows that every element f in the orthogonal complement of W is trivial. Thus our theorem is proved.
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